EQUIVARIANT POINCARE DUALITY AND TATE 
COHOMOLOGY FOR COMPACT LIE GROUP ACTIONS 



HAGGAI TENE 

Abstract. In this paper we study the question how can one generalize Poincare 
duality to equivariant settings, when we replace ordinary homology and coho- 
mology with the Borel equivariant homology and cohomology. 

We first deal with the case of a finite group. We construct, using ho- 
mological algebra, an equivariant cohomology theory denoted DHq with two 
properties: 

1) There is an equivariant Poincare duality: 

DH G (M) ^ Hg_ k {M) 

where M is a closed oriented smooth manifold of dimension m and G is a finite 
group acting smoothly and orientation preserving. 

2) For every G — CW complex X there is a long exact sequence: 

... Hc- L (X) -> DH* G (X) -> H* G (X) -+ H* G (X) -+ ... 
where Hq denotes equivariant Tate cohomology. This implies that equivariant 
Tate cohomology is the obstruction to equivariant Poincare duality. 

In the second part we give a similar picture when G is a compact Lie group. 
To do so we use bordism theories defined by Kreck using stratifolds which 
are generalization of manifolds, having also a stratified singular part. This 
description is geometric, unlike the one discussed before, hence it is suitable 
to cases when dealing with manifolds. To make this concrete, we give some 
computational examples. 



1. Introduction 

Let G be a topological group acting on a topological space X. One often looks 
at what is called the Borel construction: 

EG x G X 

where EG is a contractible space with a free proper G action. The (co)homology 
of this space is called the Borel (co)homology or just equivariant (co)homology. It 
is denoted by: 

Hg(X) = Hk (EG x G X) and H G (X) = H k (EG x G X) 
Equivariant (co)homology is a basic tool in the study of transformation groups. 
It has some nice properties, for example (assuming the action is "nice"): 

1) If the action is free and proper then EG x G X is homotopy equivalent to X/G 
so we have: 

H^(X) = H k {X/G) and H G (X) = H k (X/G) 

2) There is a fiber bundle X — > EG x G X — )• BG which enables us to make 
computations using the Serre spectral sequence. 

l 
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3) If / : X — > Y is an equi variant map which is a weak equivalence when 
forgetting the G action then /* and /* are isomorphisms. 

For more details we refer to Allday and Puppe |3] and Brown [5J. 

Equivariant Poincare duality: 

Poincare duality is a fundamental tool in the study of manifolds. In the equi- 
variant setting we have a different picture. On the one hand, if the action is free 
and orientation preserving then equivariant Poincare duality holds. On the other 
hand, when M is a point Poincare duality does not hold: 

Hg(pt) = H k {BG) and H k (pt) = H k (BG) 

and unless G is trivial there are k > such that Hk(BG) ^ while H~ k (BG) is 
obviously trivial. 

Remark. In this paper all groups acting are compact Lie group and (co)homology 
is with integral coefficients. 

This rises two questions: 

1) Is there any relation between the groups Hf?(M) and H G ~ k (M) where m is 
the dimension of Ml 

2) Can we replace H G by another equivariant cohomology theory DH G such that 
an equivariant Poincare duality will hold: 

Hf?(M) S DH™- k (M) 

In this paper we answer both questions, first for G finite in the language of 
homological algebra and later for G compact Lie using a bordism approach (In the 
latter case we will have a dimension shift in the isomorphism of 2). 

To answer these questions we start by discussing equivariant Tate cohomology 
(or just Tate cohomology). This theory was introduced by Swan [23] (for finite 
groups using homological algebra), and later was generalized by Adem, Cohen and 
Dwyer [3] and Greenlees and May (for compact Lie groups using equivariant 
stable homotopy). In this paper we will not discuss the latter approach. 

We now restrict to the case of finite groups. For simplicity, we will assume that 
the spaces are finite dimensional G — CW complexes. Tate cohomology, denoted 
by Hq, has some interesting properties: 

(1) Hq(X) = if and only if the action is free. Moreover, the inclusion of the 
singular part, that is all the points with non trivial stabilizer, induces an 
isomorphism on Tate cohomology. 

(2) There is a natural transformation of equivariant multiplicative cohomology 
theories H G {X) — > H G (X) which is an isomorphism above the dimension 
of X. 

(3) Tate cohomology is periodic for groups with the property that every Abelian 
subgroup is cyclic . 

One can define using homological algebra a third term DH G (X) such that the 
following sequence is exact: 

... -> H* G -\X) -> DH* G (X) -> H* G (X) -+ H* G (X) -> ... 
We call this theory the backwards cohomology. I couldn't find it in the literature 
but it is rather straight forward. 
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From a transfer map argument we get the following: 

(1) The Tate groups Hq are annihilated by the order of G. 

(2) There is a natural map H^(M) -> DHq(M) which factors through H*{M) 
such that both compositions are given by multiplication by the order of G 
(these groups need not be torsion groups). 

The notation DH comes from the duality it has with equivariant cohomology: 

Theorem. \23\ (Equivariant Poincare duality) Let M be a closed oriented smooth 
manifold of dimension m with a smooth action of a finite group G. We have the 
following isomorphisms: 

H k G {M) -> DHg_ k {M), DHq(M) -> H%_ k (M), H k G {M) -> Hg_ k _ x {M). 
This implies that Hq(M) is the obstruction for the "Poincare duality map" 

J?f(M)->fl£-(M) 

from being an isomorphism. 

Tate cohomology for compact Lie groups: 

In the second part of this paper we give a similar picture for the case where G 
is a compact Lie group. We construct a similar sequence but in this case we use a 
geometric description of homology and cohomology. We use stratifolds and strati- 
fold homology and cohomology. Stratifolds are a certain kind of stratified spaces. 
They were introduced by Kreck, and were used to define homology and cohomology 
theories (see |16|). We construct a long exact sequence involving three equivariant 
cohomology theories, which agrees with the long exact sequence discussed above, 
when the group is finite. This gives a generalization of Tate cohomology for com- 
pact Lie group actions. This generalization is geometric, unlike the ones discussed 
before, hence it is suitable to cases when dealing with manifolds. To make this 
concrete, we give some computational examples. 

Organization of the paper: 

Section [2] deals with equivariant Poincare Duality for finite group actions. In 
section [3] we treat the case of compact Lie group actions, and give few examples. 
In the appendix we review some facts regarding locally finite homology, needed for 
section [3l 

Acknowledgement. This paper is a part of the author's PhD thesis, written un- 
der the direction of Prof. Matthias Kreck in the Hausdorff Research Institute for 
Mathematics (HIM) in the university of Bonn. The author would like to thank 
Prof. Kreck for his support, the Hausdorff institute for the time he spent there and 
the Hausdorff Center for Mathematics (HCM) for financial support. A part of the 
writing of this paper was done in Postech. 

2. Equivariant Poincare Duality For Finite Group actions 

Most of the results in this section are well known. Our contribution is presenting 
what we call the backwards (co)homology and its relation to the Borel and Tate 
(co) homology, especially, the equivariant Poincare duality theorem. 
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2.1. Group homology and cohomology. 

We begin with a brief introduction to group homology and cohomology. More 
can be found in Brown's book [5] for example. 

Let G be a group and M a Z[G] module. The homology of G with coefficients 
in M is ip (G, M) = Tor* (Z, M) and the cohomology of G with coefficients 
in M is H*(G,M) = Ext%^(Z, M). In order to compute, one has to choose a 
projective resolution of Z over Z[G], or briefly a projective resolution, P+, then 
ff*(G,M) = #*(P+ ® Z[ G] M) and H*(G,M) H*{Hom z[G] (P+ ,M)). This defi- 
nition is independent of the choice of the projective resolution. 

2.2. Tate and Backwards (co)homology. 

A backwards projective resolution of Z, or briefly a backwards resolution, is a 
chain complex P~ : 

consisting of projective modules together with a map Z — > P~ which is a quasi 
isomorphism when considered as map between chain complexes. When G is finite, 
backwards resolutions always exist and are unique up to homotopy ([6] VI, 3. 5). It is 
shown there, that the dual of a projective resolution P+, namely Hom Z [<3](P+, Z[G]), 
is a backwards resolution and every backwards resolution is obtained this way, up 
to an isomorphism. 

Remark 1. In this section we will assume that G is finite unless stated otherwise. 

Let P+ be a projective resolution and P~ a backwards resolution. By splicing 
together P+ and P~[— 1] (desuspension of P~) we get what is called a complete 
(projective) resolution 

... -> P 2 -> Pi -> P -> P-l -»■ P-2 -> 

where P^ = P^ for fc > and Pk = P^+i for A; < 0. The map Pq — > P_i is the com- 
position P + — > 1 — > P ~ . From now on, we will use the notation P+ , P # ~ , P. for a 
projective resolution, a backwards resolution and a complete resolution respectively. 

Remark 2. We use the convention that the boundary operator in P~[— 1] is minus 
the boundary operator in P.~ . 

Tate homology and cohomology are defined for finite groups in the same way as 
group homology and cohomology, using a complete resolution instead of a projective 
resolution. The definition is independent of the choice of the complete resolution 
(0 VI,3.3). The Tate groups are denoted by H*(G,M) and H*(G,M). 

We define the backwards homology and cohomology for finite groups as in Tate 
but using a backwards resolution. Again, this is independent of the choice of the 
backwards resolution (similar to the case of Tate). We denote the backwards groups 
by DH* (G, M) and DH*(G,M). 

At a first look this doesn't look interesting due to the following: 

Proposition 3. There are isomorphisms which are natural in M : 
DH k {G,M) -> H- k {G,M) and DH k (G, M) H- k {G,M). 

Proof. DH k (G,M) = H k (P~ <g> Z [ G ] M). We may assume that P, is the dual of 
some projective resolution P+ so ®z[G]M = Homz[G]{P-», Z[G])(g>z[G]M, which 
is naturally isomorphic, by the duality theorem ([6] 1,8.3), to Homz[G](P-», M). 
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Thus DH k {G,M) = H k {Hom z[G] (P+.,M)) H~ k (G, M). The other statement 
is proved in a similar way. □ 

The following is proved by a standard homological algebra argument: 

Proposition 4. A short exact sequence of 1\G\ modules: 

-S- M -> M' -> A/" 

<jroes rise io a long exact sequence in homology: 

... -> H k (G,M) -> H k (G,M') ->. H k (G,M") -> H k ^(G,AI) ... 
and similarly for H and DH both in homology and cohomology. 

Since — !> P~[— 1] — >• P. — >• P. + — ^ is exact we have the following: 

Proposition 5. TTie following are exact: 

... -> DH k+1 (G, M) -> H k (G, M) -> # fc (G, M) -> Dff fc (G, M) ^ ... 

... -> H k - l (G,M) -> DH k (G,M) -> H k (G, M) -> H k (G, M) -> ... 
for every finite group G and Z[G] module M . 

Remark 6. The boundary maps H k (G,M) -> DH k (G, M) and DH k (G,M) 
H k (G, M) are induced by the chain map P+ — > P~. 

The only interesting case is when fc = since in all other cases the maps are 
isomorphisms or trivial. This gives us the following: 

Corollary 7. XTie following is exact: 

ff- 1 (G,M) H (G,M) -> H°(G,M) -> H°(G,M) -> 

Proof. This follows from the fact that DH 1 (G, M) and H- 1 {G, M) vanish, and the 
isomorphism DH°(G, M) — » F (G, M). □ 

2.3. (Co)homology with coefficients in a chain complex. 

There is a straightforward generalization of all those theories to the case where 
M is a chain complex. We recall the basic operations between chain complexes, 
mainly for the careful treatment of signs. 

The tensor product of chain complexes G # and _D. is the chain complex: 

(G. «>£>.)„= © G fe ®A 

where the differential is given by: 

<9(c®d) = dc®d+(-l)l c l(c®<9d). 

The Horn (cochain) complex of a chain G. and a cochain complex £)• is the 
cochain complex: 

Hom(C.,D') n = ® Hom(C k ,D l ) 

k+l—n 

where the differential is given by: 

(V = o p + (-1)I^I+V o <9 C . 
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Remark 8. There is no essential difference between chain complexes and cochain 
complexes, and by re-indexing we can switch between the two. 

We have the following: 

Proposition 9. (|6] 1,0 ex. 6) Let A, and B t be complexes ofZ[G] modules, and 

C % a complex of Z modules. There is a natural isomorphism: 

Homi(A, ®z[G] B,,C,) —> Hom%\@\(A,, Homz(B m ,C,)) which is a chain map. 

We call this map the adjunction map. 

Remark 10. Here Homz(C,,D°) = Hk+i= n Hom(Ck, D l ) and not as mentioned 
before. We will only use the adjunction map when there is no difference between 
the direct sum and the direct product. 

The following is proved by a simple check of signs: 

Proposition 11. Let R be a ring and A, and B, be complexes of R modules. If A, 
consists of finitely generated projective modules then there is a natural isomorphism 
ip : Hom R {A.,R)® B. Hom R (A.,B.) given by tp{f ®b){a) = (-l)WWf(a) -b 
which is a chain map. We also call this map the duality map. 

Now, it is easy to define the homology (cohomology) of a group G with coefficients 
in a chain (cochain) complex M, (M*) to be the homology of the chain (cochain) 
complex P+ M m (Homz[ G ](P+ , M')) where P+ is a projective resolution. We 
denote it by iJ*(G,M.) (H*(G, M')). In a similar way we define the Tate and 
backwards homology and cohomology with coefficients in a chain/cochain complex. 
The analogs of propositions |4] and [5] and remark [6] are also true in this case. 

All the theories are multiplicative (see [6] VI, 5), and the natural transformations 
respect this product. 

2.4. equivariant (co)homology. 

We restrict now to the case where M, (M°) are the cellular chain (cochain) 
complex of a G — CW complex X which we denote by C,(X) (C'(X)). We denote 
H*{G,C.{X)) by Hf{X) (H*(G,C'(X)) by H^{X)) and call it the equivariant 
homology (cohomology) of X . This abuse of notation is explained in the following, 
which is standard: 

Proposition 12. There are multiplicative natural isomorphisms 

H*{EG x G X) = iff (X) and H*(EG x G X) = Hq{X). 

In a similar way, for a finite group G, equivariant Tate homology and cohomology 
of a G — CW complex are defined and denoted by H^{X) and Hq{X) and the 
backwards homology and cohomology of a G — CW complex which we denote by 
DH?(X) and DH^(X). As before we have: 

Theorem 13. The following are exact: 

... -> DH° +1 (X) -+ HC(X) -> H£(X) -> DHjf(X) -> ... 

... -> H k G -\X) -> DH G (X) -> H G (X) ^ H G (X) -> ... 
for every finite group G and every G — CW complex X . 
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For a subgroup (of finite index) G' < G there are also maps going in the "wrong" 
direction called the transfer map, for example Hq,(X) — > Hq(X). The composition 
H^{X) -> H£,,(X) ->• H£(X) is equal to a H- \G : G'\ ■ a. Similar results hold for 
Tate and backwards cohomology. Since H^(X) is trivial for finite dimensional 
G — CW complexes we get the following: 

Proposition 14. Let X be a finite dimensional G — CW complex, then there is a 
natural map Hq(X) — > DHq(X) such that the compositions Hq(X) — > DHq(X) — > 
Hq(X) and DHq(X) — > Hq(X) — > DHq(X) are given by multiplication by \G\ and 
factor through H^ } {X) = H k (X). 

2.5. The spectral sequences. 

Remark 15. In this section we use the language of [7] for spectral sequences. 

There are two spectral sequences associated to the different nitrations of a double 
complex. A careful analysis is needed since some of those spectral sequences are 
not bounded. 

In the case of equivariant homology and cohomology the two double complexes 
are first quadrant and so the spectral sequences are bounded. Therefore we have 
the following (|6]ViI,5.3,5.6): 

Theorem 16. The following spectral seguences strongly converge: 

Efa = H p (G,H q (X)) => H° +q (X) and E pq = H P (G,W(X)) =► H p G +q (X) 

E\ q = H q (G,C p (X)) => H^ +q {X) and E{ q = H"(G,C P (X)) =► H p G +q (X) 

In the case of Tate cohomology and backwards cohomology the first filtration is 
regular and hence strongly convergent ([7] XV, 4.1): 

Theorem 17. The following spectral seguences strongly converge: 

E Pq = H p (G,H q (X)) =► H p G +q {X) andEf = DH p {G,H q (X)) => DH p G +q {X). 

In case X is finite dimensional the spectral sequences associated to both filtra- 
tions are bounded and therefore strongly converge: 

Theorem 18. Let X be a finite dimensional G — CW complex. The following 
spectral seguences strongly converge: 

E pq = H*(G, CP{X)) H p G +q (X) and E pq = DH*(G, C P {X)) DH p G +q {X) 
El q = H q (G, C P (X)) => H° +q {X) and E\ q = DH q (G, C P (X)) =► DH° +q (X) 
E 2 pq = H p (G,H q (X)) => H^ +q {X) and E 2 pq = DH p (G,H q (X)) => DH° +q (X) 
Here are some corollaries of the above: 

Corollary 19. f[6] VII, 7. 3) Let f : X — > Y be an equivariant map between two 
G — CW complexes which is a weak equivalence then the maps H^(X) — > H^(Y) 
(Hq(Y) Hq(X)) are isomorphisms. Similar results hold for Tate and backwards 
homology and cohomology (for homology we have to assume that X and Y are finite 
dimensional G — CW complexes). In particular, for f the identity map, this implies 
that the above theories are independent of the cellular structure (for H^(X) and 
DH^(X) we have to assume that X is finite dimensional). 

Proposition 20. (\6\ VII, 7. 3) Let X be finite dimensional and Y its singular 
part, that is all points with non trivial stabilizer, then H G (X) — > H G (Y) is an 
isomorphism. In particular, if X is free, H G (X) is trivial (hence DH G (X) = 
H* G (X) - H*(X/G)). 
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Corollary 21. Let X be a finite dimensional G — CW complex then an element 
a G DHq(X) is in the kernel of the map DH G (X) — > H G (X) if and only if it 
is in the kernel of the map f* : DH G (X) — > DH G (Y) for every equivariant map 
f : Y —> X where Y is a finite dimensional G — CW complex with a free G action. 

Proof. Let EGk be a highly connected, finite dimensional G — CW complex with 
a free G action. In this case we have: 

H k G ~ l {X) -4 DH%{X) -> H%{X) -4 H G {X) 
I 1= 
DH G (X x EG k ) ^ H G (X x EG k ) 

(we use proposition [20] in the second line). We get that: 

ker (DH G (X) -4 H G {X)) = ker (DH G (X) -> DH G (X x £G fc )) . 

This completes the proposition since for any Y having a free action, we can find 
such EGk with a map Y — > EGk, so / factors through X x EGk- □ 

2.6. Equivariant Poincare duality. 

Let M be a closed oriented smooth manifold of dimension m with a smooth 
and orientation preserving action of a finite group G. There is an equivariant 
triangulation of M ([15]) which gives M a structure of a G — CW complex. Let 
<jm G C m {M) be a fundamental cycle. For any g G G we know that g ■ om is a lso a 
fundamental cycle since the action is orientation preserving. Since C m +i(M) = 
we deduce that g ■ om = o~m . 

Proposition 22. The map T : C k (M) -> C m _ k (M) defined by T(tp) =ipC\o- M is 
a Z[G] chain map. T induces an isomorphism DHq(M) — > H^ l _ k (M). 

Proof. Defining the cap product on cellular chains requires a choice of a cellular 
approximation of the diagonal map A : M — > M x M. We can choose it to be 
equivariant. Since om is invariant it is an easy check that T is actually a Z[G] 
chain map. By Poincare duality T is a quasi isomorphism. 

Choose a projective resolution P+ of finite type and let P~ be the dual backwards 
resolution. By the duality isomorphism we have: 

Hom z[G] (P-,C*(M)) £ Hom z[G] (P-,Z[G]) ® Z[G] C*(M) = P+, ® Z[G] C*(Af). 

We also have the map: 

Id (8 T : P+, ® Z[G] G*(M) -> P+ ® Z[G ] Cm-*(M) 

which is a quasi isomorphism by a spectral sequence argument. The composition 
induces an isomorphism DH G (M) — > H^_ k {M). □ 

The following theorem is proved similarly: 

Theorem 23. Let M be a smooth oriented closed manifold of dimension m with a 
smooth and orientation preserving action of a finite group G. We have the following 
isomorphisms: 

H k G {M) -> DHg_ k {M), DH G (M) -4 Hg_ k {M), H G (M) -4 H%_ k _ x {M). 
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Moreover, the following diagram commutes: 

... H%r l (M) -> dh g (m) -> i?c( M ) 

P£ M ; P£ M | (1) PD M | 

P D~ 1 

The composition of the isomorphism H^_ k (M) ^ DH G (M) with the map 

DH G (M) -> if£(M) in (1) gives a map H°_ k (M) -4 H G (M). This map is not an 
isomorphism in general, the Tate groups are the obstruction for that. Note that the 
Tate groups are trivial for every fc if and only if G acts freely on M. If we were able 
compute this map we would have been able to compute H G (M) up to extension. 

Remark 24. Let G ad be G together with the adjoint representation, then the prod- 
uct G ad x G ad G ad is equivariant, giving us a product: 

DH k (G ad ) g> DJTp (G a<i ) -> (G Qd ) 

using the duality we get a map in equivariant cohomology: 

H% (G ad ) <8 H l G (G ad ) -> (G ad ) 

This product is different from the cup product. This can be seen by noticing 
that this product does not restrict to a product on the components of the space 
EG x G G ad . 

Using the fact that EG Xg G ad is homotopy equivalent to LBG, the free loop 
space of BG, this gives a product: 

H k {LBG) ® H l (LBG) ->• H k+l (LBG) 
This product is related to the one defined in |13j . 

In the next part, by a similar argument, we will see that one can define this 
product for compact Lie groups, but there we will get a dimension shift: 

H k (LBG) ® H l (LBG) H k+l ^ d (LBG) 

3. Equivariant Poincare Duality And Tate Cohomology For Compact 

Lie Group actions 

In this section we present a similar picture to the one we had before, but now 
the group acting will be compact Lie instead of finite. In order to do so we use 
a completely different approach, a geometric one. We use a bordism description 
of homology and cohomology using stratifolds. We define equivariant stratifold 
(co)homology theories of various types, relate them to each other and prove some 
fundamental properties: we relate those theories by a long exact sequence, identify 
them with the theories introduced in section 2 in case the group is finite and prove 
Poincare duality. Furthermore, we demonstrate their potential for computation by 
looking at concrete examples. 

This section is organized as follows: 

In 13.11 we give a brief introduction to stratifolds, stratifold homology and strati- 
fold cohomology. We also discuss locally finite stratifold homology. It will be used 
later in the construction of the natural isomorphisms to the theories defined before. 
A discussion regarding locally finite homology can be found in the appendix. 

In 13.21 we discuss basic properties of smooth actions on stratifolds. 



H G (M) -> ... 
PD M I 
Hg_ k AM) 
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We then introduce, in pairs, the equivariant homology and their (Poincare) dual 
cohomology theories and construct natural isomorphisms to the theories we dis- 
cussed before in the case where G is finite. In the case of Tate cohomology, due to 
some technical difficulties, we could not prove naturality, but we believe that the 
transformation is natural: 

13.31 Equivariant stratifold homology and stratifold backwards cohomology. 

13.41 Equivariant stratifold cohomology and stratifold backwards homology. 

13.51 Stratifold Tate cohomology and stratifold Tate homology. 

We end this section in 13.61 with examples. We demonstrate how one can make 
computations in the case of a weighted action of S 1 on S" 2 ™ -1 . In this case both Tate 
cohomology and the duality map are non trivial. On the other hand we give a large 
class of examples where the duality map is trivial, like in the case of Hamiltonian 
torus action on symplectic manifolds, and GKM manifold. 

3.1. Stratifolds, stratifold homology, stratifold cohomology and locally 
finite stratifold homology. 

Stratifolds are generalization of manifolds. They were introduced by Kreck [TS] 
and used in order to define a bordism theory, denoted by SH*, which is naturally 
isomorphic to singular homology. Kreck also defined a cohomology theory using 
stratifolds which is defined on the category of smooth oriented manifolds (without 
boundary but not necessarily compact). It is denoted by SH* and is naturally 
isomorphic to singular cohomology. 

Stratifolds. 

Kreck defined stratifolds as spaces with a sheaf of functions, called the smooth 
functions, fulfilling certain properties, but for our purpose the following definition 
is enough (these stratifolds are also called p-stratifolds) : 

A stratifold is a pair consisting of a topological space and a subsheaf of the sheaf 
of real continuous functions, which is constructed inductively in a similar way to 
the way we construct CW complexes. We start with a discrete set of points denoted 
by X° and define inductively the set of smooth functions which in the case of X° 
are all real functions. 

Suppose X™ -1 together with a smooth set of functions is given. Let W be an 
n dimensional smooth manifold "the n strata" with boundary and a collar c, and 
/ a continuous proper map from the boundary of W to X n ~ 1 . We require that / 
is smooth, which means that its composition with every smooth map from X n ~ x 
is smooth. Define X n = X n ~ x U/ W. The smooth maps on X n are defined to be 
those maps g : X n — > K which are smooth when restricted to X™ -1 and to W and 
such that for some < 5 we have gc(x, t) = gf(x) for all x £ dW and t < 8. 

Among the examples of stratifolds are manifolds, real algebraic varieties [12], the 
cone over a stratifold and the product of two stratifolds. 

We can also define stratifolds with boundary which are analogous to manifolds 
with boundary. A main difference is that every stratifold is the boundary of its 
cone, which is a stratifold with boundary. 

Given two stratifolds with boundary (T", S') and (T", S") and an isomorphism 
/ : <S" — > S" there is a well defined stratifold structure on the space T' U/ T" which 
is called the gluing. On the other hand, given a smooth map g : T — > K such 
that there is a neighborhood of which consists only of regular values then the 
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preimages g~ 1 ((~oo,0]) = T' and <7 _1 ([0, oo)) = T" are stratifolds with boundary 
and T is isomorphic to the gluing T" Did T". 

To obtain singular homology we specialize our stratifolds in the following way: 
We use compact stratifolds, require that their top stratum will be oriented and the 
codimension one stratum will be empty. 

Remark. Regarding regularity, a condition often required, see a note by Kreck [18] . 

Stratifold homology. 

Stratifold homology was defined by Kreck in [IB]. We will describe here a variant 
of this theory called parametrized stratifold homology, which is naturally isomorphic 
to it for CW complexes. In this paper we will refer to parametrized stratifold 
homology just as stratifold homology and use the same notation for it - SH*. It is 
naturally isomorphic to integral homology and gives a geometric perspective to it. 

Definition 25. Let X be a topological space and k > 0, define SH k {X) to be 
{g : S — > X} I ~ i.e., bordism classes of maps g : S —> X where S is a compact 
oriented stratifold of dimension k and g is a continuous map. We often denote the 
class [g : S — > X] by [S,g] or by [S — s- X]. SH k (X) has a natural structure of an 
Abelian group, where addition is given by disjoint union of maps and the inverse is 
given by reversing the orientation. If / : X — > Y is a continuous map then we can 
define an induced map by composition /» : SH k (X) — > SH k (Y). 

One constructs a boundary operator and proves the following: 

Theorem 26. (Mayer-Vietoris) The following sequence is exact: 

... -> SH k (U HV)^ SH k (U) © SH k (V) -> SH k (U U V) A SH k ^(U n V) ->• ... 

where, as usual, the first map is induced by inclusions and the second is the differ- 
ence of the maps induced by inclusions. 

SH* with the boundary operator is a multiplicative homology theory. The fol- 
lowing can be found in |16) : 

Theorem 27. There is a natural isomorphism of multiplicative homology theories 
$ : SH* — > which is given by <& k ([S,f\) = f*([S]) where [S] G H k (S,1) is the 
fundamental class of S. 

Stratifold cohomology. 

Similarly, Kreck defined stratifold cohomology. This cohomology theory, denoted 
by SH* , is defined on the category of oriented manifolds. It is naturally isomorphic 
to integral cohomology. Poincare duality for a closed oriented smooth manifold M 
of dimension m is given by SH k (M) SH m - k (M) which is trivial. 

Definition 28. Let M be a smooth oriented manifold of dimension m (not nec- 
essarily compact) and k > 0, define SH k (M) to be {g : S — > M} / ~ i.e., bordism 
classes of maps g : S — > M where S is an oriented stratifold of dimension m — k 
and g is a smooth proper map. SH k (M) has a natural structure of an Abelian 
group, where addition is given by disjoint union of maps and the inverse is given 
by reversing the orientation. If / : N — > M is a smooth map than we can define an 
induced map /* : SH k (M) — > SH k (N) by pullback (after making / transversal to 
g). See [TB] for details on how do we orient this pullback. 
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Locally finite stratifold homology. 

We give a short description of locally finite stratifold homology. It is used later on 
to construct natural isomorphisms between the geometrically defined cohomology 
theories and the algebraically defined cohomology theories. 

Locally finite stratifold homology is denoted by SH l J . It is defined the same 
way as with the exception that instead of using compact stratifolds we look at 
bordism classes of proper maps. Since the composition of proper maps is proper, 
induced maps are defined for proper maps. 

Since a continuous map from a compact space to a Hausdorff space is proper 
there is a natural transformation SH k (X) — > SH l J(X). We have the following 
([25], 3.42): 

Proposition 29. There is a natural transformation : SH l J (X) — > H/ (X) 
which is an isomorphism for all strongly locally finite CW complexes. 

See appendix 1 for the definition and properties of locally finite homology - 
H l J (X) and strongly locally finite CW complexes. 
Here is a version of Poincare duality: 

Theorem 30. Let M be a smooth oriented manifold of dimension m then there is 
an isomorphism PD M : SH k (M) -> SH l ^_ k (M). 

It is used in order to prove the following (|25|. 4.11): 

Theorem 31. The composition SH k (M) SH l £_ k {M) -> H l y ^ k {M) -4 H k (M) 
is a natural isomorphism of multiplicative cohomology theories, where the maps 
SH k (M) -> SH l Ji_ k (M) and H l ^_ k (M) -> H k (M) are the Poincare duality maps. 

3.2. Smooth actions on stratifolds. 

Let S be a stratifold with an action of a compact Lie group G. We say that 
the action is smooth if the map p : G x S —> S is smooth. In this case all maps 
p g : S — » S given by p g (x) = p(g,x), are diffeomorphisms. This implies that G 
acts on each strata separately. We would like to require a bit more. Assume that 
S = Mo Uomi Mi... Uqm„ M n then we want that the action could be extended 
to every manifold with boundary (M k ,dM k ) separately and that the gluing maps 
will be equivariant. By abuse of notation, we say that an action is "orientation 
preserving" if the induced action of G/Gq on S/Gq is orientation preserving, where 
Go is the component of the identity. 

Here is a general theorem that we will use ([5] 115. 8): 

Theorem 32. Suppose X is a completely regular G space, G compact Lie, and that 
all orbits have type G/H . Then the orbit map X — > X/G is the projection in a fiber 
bundle with fiber G/H and structure group N(H)/H (acting by right translation on 
G/H). Conversely every such bundle comes from such an action. 

In particular, in the case of H = {1}, the theorem states that if the action is 
free then the map X — > X/G is a principal G bundle and every principal G bundle 
comes from a free action on the total space X. For this reason, we will assume that 
all the spaces are completely regular. This is not restrictive, since CW complexes 
and manifolds are completely regular. 

Here are some properties of stratifolds with a free action and their quotients. 
The proofs are straightforward: 
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Lemma 33. f |25j 6.3+6.4) Let S be a stratifold of dimension k (with boundary) 
with a smooth G action. 

(1) If the action is free then S/G has a unique structure of a stratifold of di- 
mension k — dim(G) (with boundary), such that the map tt : S —> S/G is 
smooth. 

(2) If S is compact then so is S/G. 

(3) If S is oriented and the action is orientation preserving then there is a 
natural orientation for S/G. 

(4) If the action is free then tt : S — > S/G is a principal G bundle. 

If S be a stratifold of dimension k and S — > S a principal G-bundle then: 

(1) There is a unique stratifold structure on S of dimension k + dim(G) such 
that the quotient is smooth. 

(2) If S and G are compact then so is S. 

(3) // S is oriented there is a way to give S an orientation such that the action 
will be orientation preserving and the map S/G — > S will be orientation 
preserving using the convention above. 

3.3. Equivariant stratifold homology and its dual stratifold backwards 
cohomology. 

We now describe equivariant stratifold homology and stratifold backwards coho- 
mology and construct natural isomorphisms to the corresponding theories described 
before. 

Equivariant stratifold homology. 

Equivariant stratifold homology, denoted by SH^ , is an equivariant homology 
theory defined by Kreck in [17]. Here G is a compact Lie group. SH^ is naturally 
isomorphic to the Borel homology after a shift by the dimension of G 

SH^(X) = ff.-dimfofBG x G X) 

(assuming X is completely regular). 

Definition 34. Let G be a compact Lie group, X a G space and k > 0, define 
SH^f(X) = {g : S — > X} G / ~ i.e., bordism classes of equivariant maps g : S — > X 
where: 

• S is a compact oriented stratifold of dimension k with a G action. 

• The action of G on S is free, smooth and orientation preserving. 

• g is a continuous equivariant map. 

• The bordism relation has to fulfill the same properties as S does. In par- 
ticular the action on the cobordism should be free and extend the action 
on the boundary. 

As in the non equivariant case, SH^(X) has a natural structure of an Abelian 
group, one can define induced maps by composition, triples, boundary maps and 
prove a Mayer Vietoris theorem. 

If H is a closed subgroup of G then every G space has a natural structure of an 
H space. We define the transfer map tr% : SH^(X) — > SH^(X) by restriction. 

The cross product x : SH^(X) ® SHf'{Y) ->■ SH^j/f (X x Y) is defined by 

[gt : S ->> X] x [g 2 : T -> Y] = (_i)*m(G)(i-dim(G'))[ 5l x g 2 : S x T ^ X x Y]. 
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This product is bilinear and natural. If G — G' we can compose this product with 
the transfer map with respect to the diagonal map A : G — > G x G and get a cross 
product x : SH^(X) ® SHf{Y) -> SH^ +l {X x Y). 
SH^ is a multiplicative equivariant homology theory. 

A natural isomorphism between SH^ and H se _ dim ( G < ) (EG Xg-). 

We would like to construct a natural isomorphism SH^ — > H^_ dim i G ^ [EGXq—). 

Lemma 35. Let X be a G space, the projection ixx '■ EG x X — » X induces an 
isomorphism 7r x * : SHf{EG x X) -> SH<*(X). 

Proof. The inverse of wx* is given by [g : S — > X] h->- [/ x g : S — > EG x X] where 
/ : S —> EG is the classifying map defined by the universal property of EG and 
the fact that the action on S is free. / is unique up to homotopy thus the map is 
well defined. □ 

Lemma 36. Let X be a space with a free G action, then there is a natural isomor- 
phism SHf(X) -> SH^ dlm(G) (X/G). 

Proof. We define this map by [S -> X] ^ [S/G-* X/G]. This is well defined by 
lemma [551 and it has an inverse [S — > X/G] i— > [S — >• X] which is also well defined 
by the same lemma and theorem 1321 □ 

Denote by $^ the composition of natural isomorphisms: 



SH°{X) -> SH?{EG xX)^ SH*_ dim{G) (EG x G X) -> H^ dirn[G) {EG x G X) 

(the second map is an isomorphism since the action is free). The following is 
straightforward: 

Theorem 37. $q' is a natural isomorphism of equivariant homology theories and 
commutes with the transfer. 

Remark. The sign we introduced for the cross product makes <£>^ strictly commute 
with x . 

When G is finite and X is a G — CW complex we can compose $(f with the 
isomorphism H*{EG x G X) -> H?(X). Denote the composition SH°(X) -»■ H?(X) 
by $ G , then we have the following: 

Theorem 38. $ G is a natural isomorphism of equivariant homology theories and 
commutes with the transfer. 

Proof. The map H*(EG x G X) — > H^(X) is a natural isomorphism and commutes 
with the boundary (see [J] 1.2.8). It is not hard to see that it commutes with tr^ 
and the cross product. □ 

Locally finite equivariant stratifold homology. 

If G ' 

Locally finite equivariant stratifold homology, denoted by SH* ' , is defined in 
a similar way to SHf ', but instead of compact stratifolds we use proper maps from 
arbitrary stratifolds. We will not get into all the details, since they are similar to 
what we had before, we just stress the differences. 

Since induced maps are defined only for proper maps we use the following version: 
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Proposition 39. Let X be a G space and EG r an r connected closed oriented 
manifold with an orientation preserving free G action. The map irx ■ EG r xl->l 

/ f G I f G 

is proper and induces an isomorphism nx* '■ SH k (EG r x X) — > SH k (X) for 
k < r - 1. 

Proof. We cannot follow the same proof we used before since EG is not compact 
thus the projection EG x X — > X is not proper. Therefore we approximate EG by 
EG r for r big enough. The inverse of irx* is given by: 

[g : S -> X] i-> [/ x g : S -)• EG r x X] 

where / : S —> EG r is the classifying map defined by the universal property of 
EG r and the fact that the action on S is free and S has the homotopy type of a 
CW complex of dimension < k. / is unique up to homotopy thus the map is well 
defined. Note that since g is proper so is / x g. □ 



Proposition 40. Let X be a space with a free G action, then there is a natural 
isomorphism SH l k fG (X) -» SH[ f _ dim[G) {X/G). 



Proof. This is proved as for SH G , one just have to note that since G is compact 
the map [g : S — > X] is proper if and only if the map [g/G : S/G X/G] is. □ 

Corollary 41. Let X be a strongly locally finite G — CW complex, there is a 
natural isomorphism $J/ ,G : SH l k ' G (X) —> H l k _ di , G AEG r Xq X) where k < 



$J/ ,G commutes with the boundary, the transfer and with the cross product. 
Proof. We define this isomorphism to be the composition: 

SH l /' G (X) -+ SH l l f' G (EG r x X) -+ SH'l dim(G) (EG r x G X) -+ H l l dim(G) (EG r x G X) 

where the second isomorphism is well defined since the action on EG r X X is free. 
<£>J/' G commutes with the boundary, the transfer and the cross product for the same 
reason $ G does. □ 

Using the locally finite chain complex C l J (X) instead of C*(X) one defines (when 
G is finite) H l k LG (X) to be H k (P+ ® C l J(X)), then we prove the following: 

Corollary 42. Let G be a finite group and X a strongly locally finite G — CW 
complex. There is a natural isomorphism $ Z ^' G : SH k (X) —> H l k ' G (X), which 
commutes with the boundary, the transfer and the cross product. 

Proof. EG r are compact so we can identify C l J (EG r ) with C*(EG r )- Denote 
P+ = lim(C*(EG r )) then P+ = C*(lim(EG r )) = C*(EG) so it is a projective 
resolution. Since lira commutes with homology and with tensor products we have: 

lirq(H l k f (EG r x G X)) = H k (lirr}(C l J(EG r x G X))) H k (P+ ®C l J \X)) = H l k f ' G (X) 

We saw before that $J/' G is an isomorphism for r large enough therefore &*' G is 
also an isomorphism. commutes with boundary and with the cross product 

for all n and also the maps H k (EG r x G X) —> H l k (EG r +\ XqX) which imply the 
same thing for the colimit (both the boundary and the cross product commute with 
the colimit since in order to compute them we only need the group H k (EG r x G X) 
for k < r and those stabilize. □ 
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Stratifold backwards cohomology. 

Stratifold backwards cohomology, denoted by DSH Gl is an equivariant cohomol- 
ogy theory defined in [T7] (there it is denoted SH G and called equivariant stratifold 
cohomology). It is defined on the category of smooth oriented manifolds with 
a smooth, orientation preserving G action and equivariant maps between them, 
where G is a compact Lie group. Equivariant Poincare duality is trivial. The name 
suggests that it is naturally isomorphic to backwards cohomology when G is finite. 

Definition 43. Let G be a compact Lie group and M a smooth oriented manifold 
of dimension to with an orientation preserving smooth G action. For k < to, 
define DSH G (M) = {g : S — > 7\/} G / ~ i.e., bordism classes of equivariant maps 
g : S — > M where: 

• S is an oriented stratifold of dimension to — k with a G action. 

• The action of G on S is orientation preserving, smooth and free. 

• g is a smooth equivariant proper map. 

• The bordism relation has to fulfill the same properties as the stratifolds 
and the action does. In particular the action on the cobordism should be 
free and extend the action on the boundary. 

As in the non equivariant case, DSH G (X) has a natural structure of an Abelian 
group, one can define induced maps by pullback (for equivariant transversality see 
|17| lemma 5), triples, boundary maps and prove a Mayer Vietoris theorem. 

Restriction of the action to a closed subgroup H < G gives a map called the 
restriction map resg : DSH G (M) -> DSH%(M). 

The cross product DSH G (M) <g> DSH l G ,(N) -> DSH G + l G ,{M x N) given by: 

]gi : S -> M] x[g 2 :T^N} = (-l)(™+M™( G )) l [ gi x g 2 : S X T M X TV]. 

This product is bilinear and natural. Again, by restriction, one defines a cross 
product DSH G (M) g) DSH l G (N) -> DSH G +l (M x N). 

The cup product is given by a U (3 = A* (a x (3) where A : M — > M x M is the 
diagonal map. 

DSHq is a multiplicative equivariant cohomology theory. Its main property is 
equivariant Poincare duality: 

Theorem 44. Let M be a closed oriented smooth manifold of dimension to with a 
smooth and orientation preserving G action then there is an isomorphism: 

PD M : DSHq(M) -> SH°_ k (M). 

In case M is not compact we have the following version: 

PD M : DSHq(M) -> SH l n {- G k (M). 

A natural isomorphism between DSHq and DH G . 

We now want to construct a natural isomorphism 9^ : DSH G —> DH G . Since 
DH G is defined only for finite groups, assume that G is a fixed finite group. The 
construction of <d G is simple, given what we already showed. Let M be a smooth 
oriented manifold of dimension to with a smooth and orientation preserving G 
action. Define ® G (M) to be the composition: 

DSH G (M) SH l n i' G k (M) -> i^l G fc (M) -> DH G (M). 
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This is an isomorphism of Abelian group as a composition of such isomorphisms. 
Proving that it is a natural isomorphism of multiplicative equivariant cohomology 
theories is rather technical, and this is what we will do now. 

We choose r > m — k + 1 and let EG r be an r connected closed oriented smooth 
manifold of dimension d r with a free and orientation preserving G action. 

Remark 45. From now on we will assume that all d r are even. This way we avoid 
some sign problems that would have occurred otherwise. 

Lemma 46. There is a natural isomorphism: 

C*{EG r ) ®z[ G ] C*(M) C*(EG r x G M) 

Proof. G is finite so C*(EG r ) Hom na] (G»(£G r ), Z[G]) (see [6] VI3.4). 

C*(EG r ) are finitely generated since EG r is compact and projective since G acts 
freely on EG r . By the duality theorem, the left side is isomorphic to: 

^ Hom z[G] (C*(EG r ),C*(M)). 
By adjunction this is isomorphic to: 

A Hom z (C,(EG r ) ®z[ G ] C.(M),Z) A Horm(C.(EG r x G M),Z) 

which is the right side by definition. 

One might check that the composition is given by: 
<p x G ip(e <g> m) = (-l)^l-l^lE seG ^( ff e) ■ ^(gm) □ 

Lemma 47. The following diagram commutes up to homotopy: 

C d -+*(EG r ) <g> z[G] C*(M) C d -+*(EG r x G M) 

PD EGr 55 PD M I I PD EGr x a M 

C^(EG r )® nG] C l ^(M) ^ Cll_*(EG r x G M) 

Proof. Let o-EG r — Yl e k S Cd r {EG r ) and gm = Y^ m l G C^(M) be the repre- 
sentatives of the fundamental classes of EG r and M respectively. Let geg^.g = 
J2 e k' £ Cd T {EG r ) be a chain with the property that J2 g e G 9 ' a EG T .G = °\EG r 
then <JEG r ,G 55 cm is the representative of the fundamental class of ^Gr xg M in 
C l d f r+m {EG r x G M) = C dr (EG r )® z[G] Cll{M). Choose equivariant cellular approx- 
imations to the diagonal maps: Ai : EG r — > EG 2 , A 2 : M — > M 2 and using these 
maps choose A : EG r xg M — > (EG r xg M) 2 . Denote Ai,(aEG r ,G) — Y^i e \ ® e l r -; 
and A 2 *(ctm) = J2j m ) ® m m-j then: 

A* (a eg t ,g ® ctm) = 2j(-l) Cdr_j);, ei ®g m) ® e^_i <8g m„_^. 

We follow the image of an element ip®ip€ C dr+ *(EG r ) ®z[G] C*(M). If we first 
go down and then right we get: 

(cp n ct^gJ 55 (V' ("1 ctm) = 9? n ' o-EG r ,c) ®G 4> H om 

= E 9 (<p n (g • GEG r , G ) ®G i> n (g • cr M )) (cr M is invariant - g ■ a M = &m) 

= E 9 ((-l)'^^-I^V(5ef v |) • ,<._ M ® G (-l)I^K— W^gmf^) • ffm^i) 
= (_i)M(*-M)+M(™-l*l) (s^( ffe f v| ) • V(5m^,)) • <._ M 55 G m^, 

= ip x G ^ n o~EG r ,G 55 cr M 

which is equal to the image if we first go right and then down. □ 
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The composition of the following maps: 

C* +d "(EG r x G M) C* +d r{EG r ) ® Z[G] C*(M) -» P+ ® Z[G] C"(M) -> 

-> ffom z[G] (p-,Z[G]) ® Z[G] G*(M) -> Hom z[G] (p-, C*(M)) 

induces a map H k+dr {EG r x G M) -> DH G {M). The second map is defined using the 
fact that C* +dr (EG r ) has an au gmentation C dr (EG r ) -> Z given by evaluation 
on the top class so the map C* +dr {EG r ) — > Pj^ is the unique (up to homotopy) 
augmentation preserving map given by the universal property of P+ ([5] 1,7.4). 

Lemma 48. The following diagram commutes: 

H k+d -(EG r x G M) -> DH G {M) 
iPD EGrXGM IPD M 
H%_ k (EG r x G M) -> H l J n '^ k (M) 

Proof. We prove that the following diagram commutes up to homotopy: 

G d -+*(£G r x G M) -> C d "+*(£G r ) (g) Z[G] G*(M) -> P±, ig) z[G] G*(M) 

I PDEG r x G M P^£G r ® P£>m I PDmI 

C%_.(EG r x G M) -> C_*(£G r )® z[G] G£{_*(M) i>+ ® Z[G] G^_,(M) 

The left square commutes by lemma 1471 The commutativity of the right square 
follows from the fact that the map C dr+ *(EG r ) PDEGr > C-,{EG r ) is augmentation 
preserving, which is a simple check. □ 

Proposition 49. <3 G is a natural transformation. 

Proof. Let / : N — > M be a smooth equivariant map between two smooth oriented 
manifolds of dimension n and m resp. with a smooth and orientation preserving G 
action. We would like to show that the following diagram commutes: 

DSH G {M) 

f* I 
DSH G (N) 

First case - / : N M is a closed embedding: 

Take an element a = [S, g] £ DSH G (M). We can assume that g is transversal to 
/, thus we can find a (closed) invariant tubular neighborhood U of N with boundary 
dU ([5] VI, 2. 2) (also transversal to g) and a projection map ttn : U — > N with the 
property that the pullback of U will be a tubular neighbourhood: 

7T S : S rh U S* rh iV. 

Let £?G r be as above, we claim that the following diagram commutes: 

H^S/G) H%_ k (EG r x G M) -+ HH- G k (M) ^ DH G (M) 

e-^i (1) ie-4> (2) if 

H l J_ k (S<bN/G) H l J_ k (EG r x G N) -> H^(JV) ^> M^(JV) 

i) h : <S — > EG r is the classifying map defined by the universal property of EG r and 
the fact that S has the homotopy type of a CW complex of dimension < m — k < r 
and has a free G action. 

ii) The maps <f> are induced by the Thorn isomorphism, and e = (_i)(™- fe )(™-«) 



DH G (M) 

if* 
DH G (N) 
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More details can be found in Appendix 1 of |25| . 

(1) commutes by the naturality of the Thorn class. To prove that (2) commutes it 
is enough (using lemma to show that the following diagram commutes: 

H m-k( EG r xg M) -> H k+dr (EG r Xq M) -> DHq(M) 
!£•</) if* if* ■ 

H l n f _ k (EG r x G N) -> H k+d -{EG r x G N) -> DH G (N) 
Commutativity of the left side is proved in ([25] 7.21), the right side clearly com- 
mutes. 

We follow both images of [S/G] 1 ^ G H l J i _ k (S/G) in the original diagram. By 
definition, the image of [S/G] 1 ? in the top row is 9g(a), which is mapped in the 
right column to /*(8g(a)). As proved in ([25J 7.22) e • </>([S/G] l f) = [S rtl JV/Gp. 
By definition its image in the bottom row is equal to 6g(/*(a)) using the fact 
that [5 rtl N/G,g] l f = f*(ct). Since the diagram commutes we conclude that 
/*(6g(a)) = eg(/*(a)). 

The general case - / : JV — > M is not necessarily an embedding: 
Let i : JV c -> V^ G be a smooth, closed, equivariant embedding in a finite dimen- 
sional representation (see [21]). / is the composition JV **> M x V^ G — M. / x i 
is a closed equivariant embedding, ttm has an inverse up to G homotopy which is 
an embedding - M /dx0 > M x 1/ G hence this follows from the previous case. 

□ 

Lemma 50. Qq commutes with the cross product, that is for M and JV as above 
the following diagram commutes: 

DSH G (M) ® DSH l G ,{N) — ^ DH G (M) ® DH l G ,(N) 

x i x i 

DSH G + l G , (M x JV) DH k G + l G , (M x JV) 

Proof. The following diagram commutes up to sign (— l) ml since the horizontal 
maps are identities and the vertical maps are equal up to that exact sign: 

DSH G (M) ® DSH l G , (JV) PD ^® PD » ) SH%? k (M) ® SH%±f ( JV) 
x i i x 

DSH&a, (M x JV) SH l ^_%-i W x JV) 

The following diagram commutes: 

SHHf k (M)®SH l n ^'(N) ^% H l ^ k (M)^H l Jlf(N) 
i x i x 



SH^_ti(M x JV) H%°*_t t (M x JV) 

since $^ commutes with the cross product (as was shown before). 
And last, the following diagram commutes up to sign ( — 1) 



i/ 



ml . 



H l ^ k {M)®H l ^'{N) ^®^" ; DH G {M) <g> DH l G ,{N) 
i x x i 

(M x JV) DIT^ (M x JV) 
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To see that take an element p ® <p ® g ® tp G ® ® P G , ® C*(N). If we 

first go left and then down we get: 

p®ip®q<g,lp H-p®(<£n<7M)(&g® (V 1 n crjv) H> (-l)l«l-l* ,rkr Mlp(gl q® (ip n cr M ) ®(V> ncrjv) 

where erjvf and <7jv are the representatives of the fundamental classes of M and N. 
If we first go down and then left we get: 

p®f®q®il}^ (-iy q ^^p(g)q<Z)(p(Z)ip h-> (-ljl'l^lp®?® (<^<X> V) n (cr A/ <E) a N ) 
(o~m <3 cat is the representative of the fundamental class of M x N) . 

= (_i)l9l-lvl+n»-l*l p tgiq^^n <j m ) ® (V> n <7 A/ ) 

Comparing the signs we get that the diagram commutes up to the sign: 
(_1)I<?|-M+»HV>I . (_l)|9H¥>n CTM | which is equal t0 (_i)m-(M + \q\) = 

Combining the three diagrams we get the commutativity of the original diagram. 

□ 

Lemma 51. & G commutes with the coboundary operator. 

Proof. This is similar to what is done for S. □ 
Lemma 52. Q G commutes with the restriction map. 
Proof. This follows from the fact that the maps: 

DSHq(M) -> SH%f k (M) H%°(M) DF^(M) 
commute with the restriction in cohomology and transfer in homology. □ 
Altogether, we proved the following: 

Theorem 53. Q G : DSH G (M) — > DH G {M) is a natural isomorphism of multi- 
plicative equivariant cohomology theories. 

3.4. Equivariant stratifold cohomology and its dual stratifold backwards 
homology. 

Let G be a compact Lie group and M a smooth oriented manifold of dimension m 
with an orientation preserving smooth G action. Let EG r be an increasing sequence 
of manifolds as we had before. Define the equivariant stratifold cohomology: 

SH G (M) = ljmDSH G {EG r x M) 

with respect to the maps induced by the inclusions EG r x M <— >■ EG r +i x M. This 
inverse limit stabilizes due to the following: 

Lemma 54. Forr large enough the maps DSH G (EG r+ ±xM) — > DSH G (EG r xM) 
are isomorphisms. 

Proof. The following diagram commutes and all the maps are isomorphisms: 
DSH G (EG r+ \ x M) SH k (EG r+1 x G M) ^ H k {EG r+1 x G M) 

-Jr \- \- 

DSH G (EG r x M) -=» SH k (EG r x G M) ^» H k (EG r x G M) 

□ 

SH G (M) has a natural structure of an Abelian group. As we saw before, one can 
define triples and a boundary map for a triple and prove a Mayer Vietoris theorem. 
We can also define the cross product. SH G with the boundary operator and the 
product is a multiplicative equivariant cohomology theory. 
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The maps DSH^(M) -> DSH^(M x EG r ) induce a (multiplicative) natural 
transformation DSHq(M) —> SHq(M). If the action on M is free this is an 
isomorphism since then it is equal to the composition: 

DSH^(M) SH k (M/G) ■=> SH%,(M) 

but in general it is not an isomorphism. 

In a similar way, one can define a dual theory stratifold backwards homology, 
but we will not give the details here. 

A natural isomorphism between SHq and Hq. 

Let G be a finite group, and M a smooth oriented manifold with a smooth and 
orientation preserving action. Choose EG r as before, where r is large enough. 
Using the following diagram: 

DSH%{M) ■=> DH%(M) H%{M) 

\- \f 4' 

DSH%(M x EG r ) ^ DHq(M x EG r ) ^> H%{M x EG r ) 

we define a natural transformation ®g '■ SHq(M) — > Hq(M) to be the map induced 
by the composition (when passing to the limit): 

DSH^(M x EG r ) ^» DHq(M x EG r ) ^ H^(M x EG r ) ■=> H%(M) 

All maps are natural, so the same is true for the limit. We deduce the following: 

Theorem 55. Qq : SHq(M) — > Hq(M) is a natural isomorphism of multiplicative 
equivariant cohomology theories, and the following diagram commutes: 



DSH%(M) — ^ DHq(M) 

I I 
SH*(M) ^> H*(M) 

Remark 56. One can construct a natural isomorphism: 

$^' G : DSH l k f ' G (X) DH[ LG {X) 

such that the following diagram commutes ([25] 6.45): 

SH[^ G {X) ^ H l k f - G (X) 

DSH l k f ' G (X) DH l k f ' G (X) 
and also that 8g : SHq(M) —> Hq{M) is equal to the composition: 

SH%{X) -> DSH l J- G k (X) -> DH^iX) -+ H k G (X) 
3.5. Stratifold Tate cohomology and its dual stratifold Tate homology. 
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Stratifold Tate cohomology. 

Given a natural transformation between two bordism theories one can define a 
"relative term" using maps from manifolds with boundary, in such a way that it will 
give a long exact sequence. In our case, SHq was not defined as a bordism theory, 
just because we deal with manifolds and there is no model for EG in this world. 
This make thing a bit more technical, but there is no essential difference. We now 
define this "relative term" which we call stratifold Tate cohomology. As we will see, 
it is isomorphic to Tate cohomology when G is finite. Due to technical difficulty, 
we could not prove that this isomorphism is natural, but we expect that it is. 

Let G be a compact Lie group and M a smooth oriented manifold of dimension 

m with an orientation preserving smooth G action. For every r we define SH G (M) r 
to be {(T, S, g, id)} I ^ where: 

• T is an oriented stratifold of dimension m+d r —k (where d r is the dimension 
of EG r ) with boundary together with an orientation preserving, smooth 
and free G action. 

• S is an oriented stratifold of dimension m— fc— I together with an orientation 
preserving, smooth and free G action. 

• iq : EG r x5-> dT is an orientation preserving, equivariant isomorphism. 

• g : T — > EG r x M is a proper equivariant smooth map and the composition 
g o ig : EG r X S — > EG r X M is of the form Id x g for some equivariant 
smooth map g : S —> M. 

The bordism relation is defined the following way: We say that (T,S,g,ia) is bor- 
dant to (T', S', g', i' d ) if the following conditions hold: 

• There exists a bordism (B, S II -S", h) between g : S -> M and g' : S' -> M 
(i.e., [S,g] = [S',g'] as elements in DSH^ +1 (M)). 

Thus (EG r x B, EGr x(SU S") , Idx h) is a bordism between Idxg : EG r x S -> 
EGr x M and Idxg': EG r x 5" EG r x M. (Note that B might be non 
empty even if S = S' = 0). 

• By gluing (EG r x B, EG r x SUEG r x S") to (T, dT) + (T', dT') along i a + ig we 
obtain an oriented stratifold of dimension m+d r —k together with a G action 
which is orientation preserving, smooth and free, which we denote by B. We 
require that the element [g+g'+Idx h : B ->• EG r xM] 6 DSH%{EG r xM) 
will be the zero element. 

Proposition 57. 27ie bordism relation is an equivalence relation. 

Proof. The relation is reflexive: Given an element (T, 5, g, id) one can give Txl 
the structure of a stratifold with boundary such that its boundary will be equal to 
T x {0} U dT x I U T x {1} by a similar procedure to the one appears in [TB] in 
appendix A. This implies that (T, S, g,ig) is equivalent to itself. 
The relation is symmetric: This is clear. 

The relation is transitive: In order to prove this we have to know how to glue 
two stratifolds along a part of their boundary. This is proved in |16| in appendix 
A. □ 

_ — ^.^ 

The maps i : EG r — > EG r +\ induce maps i* : SH G (M) r +i — > SH G (M) r by transversal 
pullback. Notice that the pullback of Id x g : EG r +i xS-} EG r +i x M along the 
map EGr x M — > EG r +i x M is equal to Idx g : EG r x S — > EG r x M , hence the map 
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is well defined. Define the stratifold Tate cohomology to be limSH G (M) r . This 
limit stabilizes due to the following: 

Lemma 58. The maps i* : SH G (AI) r+ i — > SH G (M) r are isomorphisms for r 
large enough. 

Proof. This follows from the following diagram and the five lemma : 

DSH^(M) -> DSff|(fiG r+ i X M) -> SHg(A/) r+1 -> DSffJi +1 (M) -> DS H* + 1 (EG r+1 X M) 



1 Id 4- * 4- i 4- Id 4- i 

;c 

a 



DSHjS,(M) -> D S Hq(EGt- X A/) -> SffJj(M) r -> DSH^ +1 (M) -> DSH^ +1 (EG r X A/) 



Remark 59. The exactness of the rows and the definitions of the natural transfor- 
mations are explained below. 

SHq(M) has a natural structure of an Abelian group. As we saw before, one can 
define triples and a boundary map for a triple and prove a Mayer- Vietoris theorem. 
SH G with the boundary operator is an equivariant cohomology theory. 
There are natural transformations: 

• DSH G -» SH G given by [S M] h-> [£G r xS4 £G r x M] which is 

induced by ir* where ir : EG r x M M is the projection. 
. SH* G -> 5]?; given by [(T, 3 )] ^ [(T, 0, g, 0)]. 

. -> ^^g +1 e iven b y [(r,S, 5 ,ia)] -> [(5,5)]- 

We have the following: 

Theorem 60. T/ie following is a long exact sequence: 
... ->■ L>5iJ5 -> -> Stf^ -> DSH* G +1 -> ... 

Proof. This follows easily from the definition of the bordism relation in S*i? G . To 
prove exactness in Sf/g one might use the following fact that is trivial from the 
definition of the bordism relation: Let (T, S, g, id) be as before and assume that the 
map g : S ->• M bounds the map g : (S',S) -> M. Denote by (T",0,</,0) = (T,</) 
the element we get by gluing (T, S, g,ig) and (EG r x S',S,g,i) where i is the 
inclusion of EG r x S in £G r x S'. Then (T,S,g,i d ) is bordant to (T',0,.g,0) = 

□ 

Proposition 61. SH G (M) vanish if and only if G acts freely on M. 

Proof. As noted before, for free action we have DSH G (M) —> SH G (M), so by 
exactness we conclude that Tate cohomology vanishes. 

If the action is not free we can find an orbit of the form G/H for some non 
trivial closed subgroup H < G. By (gU, 2) the map /* : H k (BG) -> H k (BH) 
(or equivalently the map /* : SH G (pt) — s> SH G (G/H)) is non zero for an infinite 
number of values of k. Since this map factors through SH G (M) the same is true for 
these groups. This implies the proposition since, by exactness, the map SH G {M) — > 
fe 

SH G (M) is an isomorphism above the dimension of M. □ 



The following is proved in a similar way to corollary [21] 
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Corollary 62. Let M be a smooth oriented manifold with an orientation pre- 
serving smooth G action. An element a G DSHq(M) is in the kernel of the 
map DSHq(M) — > SH G (M) if and only if it is in the kernel of the map f* : 
DSHq(AI) — > DSHq(N) for every equivariant map f : N —± M where N is a 
smooth oriented manifold with an orientation preserving smooth free G action. 

For M x G we have: 

DSH G (M x G) = SH k (M x G G) = SH k (M) 
Under this identification, the image of an element [S — > M] G DSH G (M) is [S — > 
M] G SH k (AI), giving us the following easy criterion: 

Corollary 63. Let M be as above, and [S -> M] G DSH k (M). If [S -> M] 
is non trivial as an element in SH k (M) th en it is not in the kernel of the map 
DSH G (M) —> SH^(M). 

Stratifold Tate homology. 

Let G be a fixed compact Lie group, we introduce stratifold Tate homology and 

denote it by SH t . It is defined on the category of finite dimensional G — CW 
complexes and equivariant cellular maps between them. The definition is like for 
stratifold Tate cohomology so we will not repeat it. Induced maps are defined by 

composition. 

G 

SH^ (X) has a natural structure of an Abelian group. Like before, one can define 
triples and a boundary map for a triple and we will have the Mayer- Vietoris long 
exact sequence. 

As before, there are obvious forms of equivariant duality we call Poincare duality: 

Theorem 64. Let M be a closed oriented smooth manifold of dimension m with a 
smooth and orientation preserving G action then there is an isomorphism: 

PD M : SH k G {M) -> SH G m _ k (M) 
In case M is not compact we have the following version: 

PD M : SH G {M) -> SH lS m G k {M). 

There are natural transformations: 

• SH<* -4 DSHf given by [S -> X] H- [EG r x S -> EG r x X]. 

• DSHf -> SH° given by [T, g] ^ [T, 0, g, 0]. 
. SH G -> SH^ given by [T, S, g, i a ] ^ [S, g}. 

We have the following (the proof is the same as for cohomology) : 

Proposition 65. The following is a long exact sequence: 
... -t SH° -»• DSH? -> SH G SH°_ 1 -> ... 

— — — / f ,G " I f G 

A natural isomorphism between SH^ and HJZi • 

We start with a short discussion about the algebraic mapping cone, details can 
be found in Weibel [27] . 

The algebraic mapping cone: Let A and B be two chain complexes and 
/ : A — > B be a chain map. The algebraic mapping cone (or just mapping cone) of 
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/, denoted by Cf, is the chain complex Cf,k = Bk+i © Ak with the differential given 
by d(b,a) = (/(a) — db,da). Here are some properties of the mapping cone. 

(1) The maps B[— 1] — ► Cf, given by 6 h-> (6, 0), and Cf — > A, given by (6, a) h-» 
a, are chain maps and the following is an exact sequence: 

-> C/ ->• A -> 

The connecting homomorphism in the induced long exact sequence in ho- 
mology is equal to /*. 

(2) The mapping cone is functorial in the category of chain complexes and 
chain maps. 

(3) Given a square of chain complexes which commutes up to homotopy s: 

A U B 
(*) Ha I I h B 

A 1 A B' 

then the map he ■ Cf — > Cf given by hc(b,a) = (hs(b) + s(a), fiA(a)) is a 
chain map and the following diagram commutes: 

B[-l] -> C f -y A 

4- /is 4- frc /ia 4- 

inducing a map between the long exact sequences mentioned in 1). 

Remark 66. he depends on the choice of s, even after passing to homology. Re- 
placing any of the maps by another chain map which is chain homotopic to it might 
change the map induced in homology by he- These facts make the mapping cone 
non functorial in the homotopy category of chain complexes, which leads to a great 
deal of trouble. We will have to overcome this trouble again and again, since most 
of our maps are defined only up to chain homotopy, depending on choices that we 
made. 

A fundamental class for a pair (T,EG r x S). 

Remark. For brevity, for an oriented stratifold P (with boundary) of dimension j 
denote by <jp S C l f (P) the representatives of its fundamental class. 

Let G be a finite group, and (T,EG r x S) as above. <jeg t is unique and thus 
invariant since we are using cellular chains, thus we have a map Z — s> Cd r {EG r ). 
Define a degree d r chain map: p : C*(EG r ) —> C*+d r (EG r ) the following way: 
Let p : C (EG r ) -> C dr (EG r ) be the composition^ (.EG,.) -> Z -> C dr (EG r ), 
else let p : Ck(EG r ) —> Ck+d r {EG r ) be zero map. 

Look at the map p : C l J(S/G) -> C l J +dr (T/G) defined as the composition: 

C l J{S/G) -> C*(EG r ) ® C l J{S) ^> C* +dr (EG r ) ® (S) ^ C l / +dr (T/G) 

Denote the mapping cone of this map by C l J (T, S). 

' d f i f 

Define the fundamental class [T, S] to be the class of (ut/Gi °"s/g) G C fc _ 1 (T, 5). 

This is a cycle since: 



d(<r T /G,vs/G) = {id*{&EG r x G s) - d<T T/G ,d<T S/G ) = (0,0) 
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Let (T, EG r x S) be as above and let (T", T") be a null bordism, that is an oriented 
stratifold of dimension k + d r + l with boundary, together with a free and orientation 
preserving G action, such that its boundary is obtained by gluing (T, EG r x S) with 
an element of the form (S' x EG r , S x EG r ) along the boundary. 

Lemma 67. The inclusion induces a commutative square: 

G»(S/G) -> C.(S'/G) 
G* +dr (T/G) -> a +dr (T7G) 

r T (/ 

which induces a map between the mapping cones, mapping [T, S] to a boundary. 
Proof. This follows from the fact that: 

d(-°~T"/G, -°~S'/G) = (d°~T"/G - ffS'x c £G r ,-9(T S ; /G ) = (<7 T /G , (7 g /q) . □ 

Construction of the natural isomorphism. 

Let X be a locally finite, finite dimensional G — CW complex where G is a finite 
group. We would like to construct a natural isomorphism 

m G :SH l t G {X)^H^ G x {X). 

Choose r > dim(X) — k + 1. Let a be an element in SH k ' (X) r and choose a 
representative (T, S, g,ia). Choose augmentation preserving chain maps: 

1+ : G* (EG r ) -> P+ and l~ : C* +dr (EG r ) -> P~ 

(the second map is defined only for * > — r but this is not a problem since we are 
only interested in r large). We have the following commutative diagram: 

C*(EG r ) — > 7L — > G t j r d r {EG r ') 
11+ lid ll~ 

P+ -> Z -> P." 
Look at the following diagram (ft* is induced by the map S — > EG r x S): 

C'/(S/G) C,(EG r ) IS C l J (S) 0»(BC r )®0^(X) ' +8Jd i P+ ® O 1 / (X) 

C, +dr (EG r ) ® O'J (S) Id » ! >- > C„ +dr (EG r ) ® C l J (X) l ~® Id t P~ c$ C l J {X) 

where all tensor products are over Z[G]. The map l~ ® Id is defined only for 
k > dim(X) — r, this is the reason we have to choose r > dim(X) — k + 1. 

The map PG,. XgS — > PG r Xq X factors through T/ G thus we get the following 
commutative diagram: 

C l J(S/G) ^ C^EGr) ® C l J (X) P+®C l J{X) 

p 4. l p® id 1 

G^ dr (T/G) ^> C. +llr {EG T )®&J(X) P-®C 1 J{X) 

This induces a map between the mapping cones. Gp was denoted by C l /(T,S), 
and the mapping cone of the map P+ ® G* (X) — > P~ ® G* (X) is naturally 
isomorphic to P* ® Gj/(X). We get a map 5 * : G» / (T, 5) -> P* ® C l J{X). Define 

$ !/ - G (a) = s.([T,5] ). We would like to show that $^ G (a) is independent of all 
the choices made: 
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(1) The choice of the representative (T,S,g,ia) and the choices of the cellu- 
lar approximations C l J \S/G) C*{EG r ) ® C l J (X) and C l J{T/G) 
C*{EG r )®C l J{X): 

This follows from lemma l67l 

(2) The choices of the maps C*(PG r ) ^ P+ and C* +dr (EG r ) ^ P~: 
We choose those maps once and for all. 

(3) The choice of the map h* : C l J{S/G) -> C**(PG r ) ® C l /{S): 

Let hi, hi : C l J(S/G) -> C*(EG r )®C l J (S) be two cellular approximations, 
then there is a chain homotopy between them, denote it by s. A simple 
check (using the fact that p Id (s(<Js/g)) = 0) shows that the difference 

between both images of [T, S] is equal to d (0, Id ® (s(cts/g))) which 
is a boundary. 

(4) The choice of r: 

- — ~lf,G 

Let [T , S , <?', ig] be an element in SH k (X) r+ i and [T, S, g, ig] an element 

in SH^' G (X) r such that [T, S, g, ig] = i*([T',S',g',i' d ]). We would like to 
show that &f' G (lT,S,g,i d }) = $^ G ([T', S", g', i' a ] ). We may assume that 
(T, S, g,ig) is given as the transversal intersection of (T' , S' , g' , i' a ) with 
PG r x X (in the sense mentioned before) so S" = S. $^ G ([T', S, g', i' a ]) is 
the class of the image of ((Jt'/Gi^s/g): an d & (\T, S, g,ig\) is the class 
of the image of (o~t/Gi °~S/g)i we would like to show that their images differ 
by a boundary. 

The first thing we notice is that by choosing the maps l + : C*(EG r ) — > 
P+ and l + : G*(PG r+ i) -¥ P+ compatible with the map G*(PG r ) 
C*(EG r +i) the images of <7s/g in P+ (g> C/ (X) will be equal. We can do 
it by defining P+ to be the colimit of G*(PGi) and the maps Z + to be the 
limit maps. Therefore, it is enough to show the following: 

Lemma 68. Denote by 7 and 7' the images of cft/g an d ^T'/g resp. in P~ <8>z[G] 
Cj(X) then 7 — 7' is a boundary. 

The proof is rather technical, the interested reader can find it in ([25] 6.60). 
Theorem 69. The following diagram commutes: 



SH l J' G - 


■> DSH l J' G - 


+ 5Pi i,G -> 


I 


1 


1 1 


H l J> G - 


+ L>P' /!G - 


frl/,G rW/,G 



Proof. This is clear from the construction of the natural transformation. □ 

Corollary 70. : Sff t — !> P fe _j is a natural isomorphism. 

Proof. Naturality is clear. The fact that it is an isomorphism follows from the 
fact that we know that SH 1 /' — > H l /' G and DSH l J' G — > DH l J' G are natural 
isomorphisms and by the 5 lemma. □ 

An isomorphism between SH G and H G . 
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Let G be a fixed finite group and M a smooth oriented manifold of dimension 
m with a smooth and orientation preserving G action. The composition 

SH G (M) -> SH^ k {M) -> i^L(M) -> H G (M) 

is an isomorphism of groups for all oriented manifolds, denote it by Og- We do not 
prove that it is natural. Trying to prove it in a way similar to what we had before 
runs into some technical problems, nevertheless it seems like it is possible. 



Corollary 71. The following diagram commutes: 

DSHq ->■ SH* G -> SH G -> DSH* G +1 

■I* 4* 4" 

D7J G H G ^ H* G ^ DH G +1 

Proof. This follows from the analog diagram for homology. □ 
3.6. Examples. 

Our first example is computational. Here we would like to demonstrate how 
such computations can be carried out (for this reason we don't give the easiest 
proof). The second example is a large class of torus actions, where the duality map 
is trivial. 

Weighted circle action on a sphere. 

Consider S ,2n_1 C C", for integers k\...k n we define an action of S 1 by: 

a ■ (xi..x n ) = (a kl xi, ...,a hn x„). 



Denote K = Hki then 
Theorem 72. SHg! (S 271 ' 1 ) 



k , o2 n-i\ \^i/K keven 



else 

2n-l 



Proof. Let Sj n be the sphere with the standard (free) action. Look at the map 

g : Sf 1 ' 1 -> S' 2 ™- 1 

given by 

g{x\ , . . . , I n ) = (^i" 1 1 ■ • ■ 7 x ~n ) I {. x \ i ■ ■ ■ i x n" ) 

By comparing the Serre spectral sequence for equivariant cohomology we deduce 
that: 

!Z < k < 2n and even 
Z/K 2n<k and even , 
else 
A similar computation can be done for equivariant homology. Then, using equi- 
variant Poincare duality we get: 

!Z < k < 2n and even 
Z/K k<0andodd 
else 

The only non vanishing Poincare duality maps can occur in even degrees 

DSHf 1 {S 2n - 1 ) -> SHf 1 {S 2n - 1 ) 
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when < k < n. In these cases both groups are infinite cyclic. Consider the 
following commutative square, where all groups are infinite cyclic: 

DSHf 1 {S 2n - 1 ) SHfUS 211 - 1 ) 

I I 
DSHf^Sf 1 - 1 ) -> SHf^Sf 1 ' 1 ) 

The right vertical map is an isomorphism by the spectral sequence, and the bottom 
map is an isomorphism since the action is free. It is enough to compute the left 
vertical map. Since the (umkehr) map DSHf^S 2 / 1 ' 1 ) DSH^S 2 "' 1 ) is an 
isomorphism, it is enough to compute the composition. 

Take a generator a for DSHgl{S 2n ~ x ), it is represented by the map: 



given by 



h : S 2n-2k-l ^ S 2n-1 



h:(x u ..., x n - k ) = K' 1 , . . . , x k n T k k , 0, • • • , 0)/ « , . . . , a£r fc * , 0, • • • , 0) 
The image of a under the composition is equal to the image of 

[g : Sf 1 ' 1 -> S 2 ^ 1 } G DSH^iS 211 - 1 ) 
under the composition: 

DSH^iS 271 " 1 ) -»• DSH^ 1 (S 2 f n - 2k - 1 ) -> DSH 2k (S 2n ^) 

DSH^iS 211 ' 1 ) -> DSH^ 1 (S 2n ~ 2k ~ 1 ) is given by multiplication by K. To show 
that look at the following commutative diagram 

DSH% 1 (S a »- 1 ) -> DSflg^S^- 8 *- 1 ) 

I I 
SH^S 2 "- 1 ) -> 5 , i?°(S'f- 2fc - 1 ) 

where the bottom and the right map are isomorphisms and the left one is given by 
multiplication by K . 

The map DSH^iS 2 / 1 ' 2 ^ 1 ) -> DSH 2k 1 {S 2n - 1 ), which is an umkehr map, is an 
isomorphism, again by the spectral sequence. It follows that 

DSHf^Sy- 1 ) -> DSHf^S 2 ™- 1 ) 

is given by multiplication by A". Using the long exact sequence, the theorem follows. 

□ 

Torus action with injective localization map. 

We saw before that when the action is free the Tate groups vanish and the duality 
map is an isomorphism. We now show a large class of examples where the duality 
map is always trivial. This includes, among other examples, Hamiltonian torus 
action on symplectic manifolds with isolated fixed points, and GKM manifold. 

Let M be a smooth manifold with an orientation preserving smooth G action, 
and F its fixed point set. Suppose that the following localization map is injective: 



H k G {M) Hq{F) 



-k 



When k > dim(F) - dim(G) the groups DSH G {F) vanish so SH G {F) -> SH G (F) 
is an isomorphism. Then from the following diagram: 



:S0 
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SH%(M) -> SH G (M) 

I I 
SH*(F) -> SH k G (F) 

we conclude the map SHq(M) — > SH G (M) is injective. 
This situation occurs, for example in the following setting: 

Theorem 73. (Borel) Let X be a locally finite T = (S' 1 ) fc space such that H^(X) is 
free over H*(BT) then the localization map (with integral coefficients) is injective. 

A more concrete case where the above occurs is: 

Theorem 74. [26] Let a torus T act on a symplectic compact connected manifold 
(M,uj) in a Hamiltonian fashion. If the fixed points are isolated then the localization 
map (with integral coefficients) is injective. 

Appendix - Locally finite homology 

In order to talk about Poincare duality for non compact manifolds we discuss 
locally finite homology. This is an extract of what appears in [23], most details 
were omitted. 

Definition 75. Let X be a space, define the locally finite chain complex S/(X) 
to be the set of all formal sums of singular k simplices T, a ^in a a such that for every 
x E X there is an open neighborhood U such that {a e I\n a / Oand \a\ U 0} is 
finite where \a\ is the image of a. S l J(X) is a chain complex. Its homology is called 
the locally finite homology of X and is denoted by H/ (X). 

Remark. For locally compact spaces it is equivalent to the condition that every 
compact subset meets only finitely many simplices. 

If / : X — > Y is a continuous map than the image of a locally finite chain need 
not be locally finite as one can see in the example where X is infinite and discrete 
and Y is a point. It is not difficult to see that a proper map (that is, a map for 
which the preimage of every compact subspace is compact) / : X —> Y where Y is 
a locally compact space induces a chain map /» : S l k f (X) -> S l k f (Y) and therefore 
a map /* : H l J(X) —} H l J (Y). If / is properly homotopic to g then /* = g*. 
Therefore, locally finite homology is a proper homotopy invariant. 

Here are some properties of locally finite homology: 

(1) For a closed subset A C X one can define relative groups, just as in singular 
homology, and get the long exact sequence of a pair. 

(2) Locally finite homology fulfills the axioms of a homology theory on the 
category of locally compact Hausdorff spaces and proper maps. All the 
proofs are standard, except maybe for excision where we refer to [22] 7.1. 
The proof is the same as for singular homology. 

(3) For a disjoint union UX a we have isomorphisms S/QlX a ) — > H a Sl (X a ) 
and H l J{UX a ) —¥ U a H l J {X a ). 

(4) For every space X there is a chain map S*{X) — > S l J (X) which induces a 
map in homology H*(X) — > H l /(X). For a compact space X those maps 
are isomorphisms. 
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(5) If M is a connected oriented manifold of dimension m then iJ^{(M) is 
infinite cyclic with generator which we denote by [M] 1 ' such that for every 
x 6 X we have [M] lf i-» [M, M / {x}]. Moreover, if (M, dM) is a connected 
oriented manifold of dimension m then H^(M, dM) is infinite cyclic with 
generator which we denote by [M,dM]' and d[M,dM] * = [dM] '. 

For a discussion about locally finite homology the reader is referred to [14] , [19] and 
[22] . 

Locally finite homology for CW complexes. 

A CW complex X is called locally finite if the set of closed cells is locally finite, 
that is every point has a neighborhood which meets only finitely many closed cells. 
A CW complex is locally finite if and only if it is locally compact. 

There is also a cellular version of locally finite homology. Let X be a CW complex 
we define C k (X) = H k (X k , Xk-i) with the differential coming from the long exact 
sequence for the triple (X^, Xk-i, Xt,-2)- For locally finite CW complexes we have 
by the properties above: 

H l k f (X k ,X k ^) = H l /(U I D k ,U I S k - 1 ) = U I H l k f {D k ,S k - 1 ) = H/Z 
where / is the set of k cells of X . 

In general the locally finite cellular homology and the locally finite singular 
homology need not agree. For a certain class of CW complexes they do: 

Definition 76. A CW complex X is called strongly locally finite if it is the union 
of finite subcomplexes such that every point in X has a neighborhood which meets 
only finitely many of them. 

Clearly, a strongly locally finite CW complex is locally finite but a locally finite 
CW complex needs not be strongly locally finite. An example for this is the space 
X = e°Ue 1 Ue 2 ... where we attach each fc-cell e k to e°Ue 1 Ue 2 ... Ue*^ 1 by collapsing 
its boundary to a point in the interior of e k ~ 1 . X is not strongly locally finite since 
e° is contained in any subcomplex (see [9] 1.8). 

We have the following propositions regarding strongly locally finite CW com- 
plexes: 

Proposition 77. H) Every locally finite, finite dimensional CW complex is 
strongly locally finite. 

And the following: 

Proposition 78. ( |14| 4-V For a strongly locally finite CW complex X the singular 
chain S* (X) and the cellular chain Cj{X) are homology equivalent so H* (X) = 
H*{S l J(X))=H*(C l J(X)). 

In [10] there is a full treatment of the cellular version. 
Poincare duality for non compact manifolds. 

Poincare duality is a deep theorem about manifolds. In its most common version 
it states that a closed oriented manifold of dimension m has a fundamental class 
[M] G H m (M) and there is an isomorphism PDm ■ H k (M) — > H m -k(M) given 
by ip i ^ (p f~1 [M], There is a similar result for smooth manifolds in locally finite 
homology (PJ 3.1): 
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Theorem 79. Let M be a smooth oriented manifold of dimension m, not neces- 
sarily compact, then M has a fundamental class [M] 1 ' G H l ly {(M) and there is an 
isomorphism PD M : H k (M) — > H^_ k (M) given by ip ^ if D [M] lf . 

The results from part 1 remain true in the locally finite setting, in particular we 
have the equivariant Poincare duality. 
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